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Abstract
We have calculated the topological charge of U(N) instantons on
non-degenerate noncommutative space time to be exactly the instanton
number k in a previous paper [1]. This paper, which deals with the
degenerate R2
NC
×R2 case, is the continuation of [1]. We find that the
same conclusion holds in this case, thus complete the answer to the
problem of topological charge of noncommutative U(N) instantons.
1
In a previous article [1], we have explicitly shown that the topological
charge of U(N) instantons on non-degenerate noncommutative space time1
R
4
NC
is equal to the instanton number k, which appears in the noncom-
mutative ADHM construction [6] as the dimension of the vector space V .
There we left the problem of degenerate noncommutative parameter θ. We
mentioned that our method ceased to work in the limit of θ2 → 0 because
of the loss of a Fock space representation for z2 and z¯2.
2
In this degenerate limit, the noncommutative space time becomes a di-
rect product R2
NC
×R2. It is well known that field theories on R4
NC
suffer
from a common problem of non-unitarity. But the problem does not happen
on R2
NC
×R2 if we require a time in the commutative part. For this reason,
R
2
NC
×R2 may be of more physical relevance than R4
NC
. Literature has also
shown that nonsingular ADHM instanton solutions can be constructed on
R
2
NC
×R2 without involving any projected states [7, 8].
In the following paragraphs, we will analytically calculate the topological
charge of U(N) instantons on R2
NC
× R2. As the continuation of [1], this
paper will be brief about the relevant background and rely on some results
in [1].
First let us recall the commutator of complex coordinates:
[z¯1, z1] = θ1 = ζ, [z¯2, z2] = θ2 = 0. (1)
Now we introduce a Fock space representation for z1 and z¯1:
z1|n〉 =
√
ζ
√
n+ 1|n+ 1〉, (2)
z¯1|n〉 =
√
ζ
√
n|n− 1〉. (3)
Then the integration on R2
NC
×R2 can be expressed as
∫
d4xO(x) = ζpi
∞∑
n=0
∫
d2x 〈n|O(x)|n〉, (4)
where d2x = dx3dx4 [8].
Using the Corrigan’s identity [9], we have the following expression of
topological charge of (ASD) ADHM instanton on R2
NC
×R2 with instanton
number k [1]:
Q =
1
16pi2
∫
d4xTrN (FmnFmn) (5)
1For noncommutative geometry and field theory, please see [2, 3, 4, 5].
2Here we follow the notation of [1].
2
=
1
16pi2
∫
d4x (8∂∂¯ + 2∂µ∂µ)Tr[b
†(2−∆f∆†)bf ] (6)
=
ζ
pi
∞∑
n=0
∫
d2x 〈n|(1
2
∂∂¯ +
1
8
∂µ∂µ)Tr[(2 −∆′f∆′†)f ]|n〉, (7)
where ∂ ≡ ∂z1 , ∂¯ ≡ ∂z¯1 , µ = 3, 4, and ∆′ ≡ b†∆ [10].
Similarly as in [1], we have the truncated summation
N∑
n=0
〈n|∂∂¯O(x)|n〉 = N + 1
ζ
(〈N + 1|O|N + 1〉 − 〈N |O|N〉), (8)
using the Stokes-like theorem. Let
O = (2−∆′f∆′†)f (9)
again as in [1], we have for large N
〈N |O|N〉 = (ζN + xµxµ)−1 + (ζN + xµxµ)−2C +O(N−3), (10)
where C is some constant 2k × 2k matrix.3 So
〈N + 1|O|N + 1〉 − 〈N |O|N〉 = −ζ
(ζN + xµxµ)[ζ(N + 1) + xµxµ]
+O(N−3).
(11)
Thus we obtain one part of the topological charge
Q1 =
ζ
2pi
lim
N→∞
Tr
∫
d2x
N∑
n=0
〈n|∂∂¯[(2−∆′f∆′†)f ]|n〉 (12)
=
−ζ
2pi
lim
N→∞
Tr[N
∫
d2x (ζN + xµxµ)−2 +O(N−2)] (13)
= −k. (14)
Noting that O is an ordinary function (matrix) in x3,4 and a bounded
operator [1] on the Fock space, we immediately work out the other part of
the topological charge
Q2 =
ζ
8pi
Tr
∞∑
n=0
〈n|
∫
d2x ∂µ∂µ[(2−∆′f∆′†)f ]|n〉 = 0, (15)
3The non-singularity of each term for arbitrary x3,4 in the summation (8) can be
analyzed by the same method as in the appendix of [1].
3
where we have used the Stokes theorem and the following asymptotic as
|x3,4| → ∞:
f → 1
xµxµ
. (16)
In conclusion, we obtain the topological charge
Q = Q1 +Q2 = −k, (17)
which is expected for an ASD instanton configuration. For an SD instanton
on R2
NC
×R2 with instanton number k, we can similarly have
Q = k, (18)
which completes the answer to the problem of topological charge of noncom-
mutative U(N) instantons.
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